We construct a class of generalized non-local gravity (GNLG) model which is the modified theory of general relativity (GR) obtained by adding a term m 2n−2 R −n R to the Einstein-Hilbert action. Concretely, we not only study the gravitational equation for the GNLG model by introducing auxiliary scalar fields, but also analyse the classical stability and examine the cosmological consequences of the model for different exponent n. We find that the half of the scalar fields are always ghost-like and the exponent n must be taken even number for a stable GNLG model. Meanwhile, the model spontaneously generates three dominant phases of the evolution of the universe, and the equation of state parameters turn out to be phantom-like.
Introduction
In the last decade, it has been believed that our universe is undergoing an accelerating phase of expansion which is indicated by the cosmological observations from the first Type Ia supernovae (SNe) [1, 2] to the Wilkinson Microwave Anisotropy Probe (WMAP) [3] and Planck satellite experiment [4] . Explaining the current phase of cosmic acceleration is an ongoing challenge.
The problem is that the geometry constructed from GR doesn't accord with the known matter from observation. Different ways addressing this problem can be classified as the gravity side or the matter side of the Einstein equation. On the one hand, the dark energy explains the data by introducing an exotic energy to the matter side and provides the main contribution to the energy budget of the universe today. However it arises a challenge to model builders who are attempting to understand the nature of it. The simplest candidate for the dark energy is the cosmological constant Λ [5] [6] [7] , but the cosmological observations indicate that the dark energy may not be a constant. In particular there is no good explanation for why the cosmological constant should be so small and why it should recently have come into dominance. On the other hand, the problem of understanding the origin of dark energy (DE) has stimulated a very active search for modifications of General Relativity (GR) in recent years. In particular, the recent observational constraints derived from Planck and other data show that the dark energy equation of state w de smaller than −1 is favored [4, 8, 9] . This may imply the infrared modification of gravity from general relativity, because the models in the framework of GR, such as quintessence [10] [11] [12] and k-essence [13] [14] [15] , generally predict w de larger than −1. The challenge is to theoretically construct a consistent theory more effectively explaining the acceleration data, and the significant deviations from GR are neglected by the data inside the solar system. A typical modifications of GR is f (R) model in which the Ricci scalar R of the Einstein-Hilbert Lagrangian replaced by an arbitrary function of the Ricci scalar [16] [17] [18] [19] [20] [21] . The f (R) model represent the only local, metric-based, generally coordinate invariant and stable modification of gravity [22] . However, this model suffers from the major problem of an extra scalar degree of freedom.
More modification freedom is available if locality is abandoned, a new class of non-local modifications of gravity has been introduced by Deser and Woodard [23] . The model is constructed by adding to the Einstein-Hilbert action a term of Rf ( −1 R). The form of the non-local distortion function f ( −1 R) can be chosen to reproduce the ΛCDM background cosmology exactly [24, 25] . Absent a derivation from fundamental theory, the term f ( −1 R) has the same status as the function f (R) in f (R) theory. Moreover, the great advantage of this class of models is to trigger late time acceleration by the transition from radiation domination. The Ricci scalar R vanishes during radiation dominance and −1 R cannot begin to grow until the onset of matter dominance while its growth becomes logarithmic. This theory have attracted some attention both theoretically and phenomenologically, as a possible alternative to dark energy that presents the universe accelerated at late times. However, this novel territory raises the worry of new degrees of freedom, possibility of instability and negative energy [26] . Furthermore, its cosmological perturbations has been studied in ref. [27] , in which the Deser-Woodard model is ruled out by comparison with the data of structure formation.
Recently, Maggiore and Mancarella (MM) proposed a model based on the following non-local modification of General Relativity, in which a mass parameter enters the theory as a suitable coefficient of the non-local term [28] [34] [35] [36] , because in contrast with other non-local models it can be constrained by observations directly [37] [38] [39] [40] [41] [42] .
Of course, if one try to explore the effect of non-local terms, there are many possible models that one could in principle study. In this paper we will extend the MM model to the general form by adding a term m 2n−2 R −n R to the Einstein-Hilbert action, which is here called the generalized non-local gravity (GNLG). The meaning of such terms in the Lagrangian is obscure and not very well understood. How to deal with this kind of Lagrangian is a non-trivial topic and we will try to understand its content. At the conceptual level, one might be worried by the presence of non-local terms in the equations of motion. They emerge already in a purely classical context from some form of iterative procedure in an underlying local fundamental theory. So a range of possibilities exist for the construction of non-local models and a number of general features can be extracted. We try to understand the typical cosmological consequences of nonlocal terms that can be associated to a mass parameter m. If this non-local model will turn out to fit the cosmological observations well, this would provide a useful hint for the construction of the corresponding fundamental theory. Hence, it is a natural problem that at the background level whether there is a classical stability during the cosmological evolution with features well compatible with the observations, which is another aim in our paper. We will perform a thorough stability analysis by taking into account all possible excitations of the metric to potentially drive an instability. Throughout this paper we shall use the system of units in which c = = 1 and the metric signature is (−, +, +, +).
This paper is organized as follows. In section 2, we construct a generalized non-local gravity (GNLG) model and give the related non-local formulation, and we further study the stability of tensor modes in section 3. In section 4, we analysis the cosmological evolution. Spherically symmetric static solutions in Newtonian gauge are derived in section 5. Finally, our conclusions and outlook are in section 6.
generalized action and non-local formulation
We consider the generalized non-local gravity (GNLG) model defined by the action
where the convenient normalization of the mass parameter λ = (d − 1)/4d and d is the number of spatial dimensions. The metric g µν is assumed to be minimally coupled to matter. The generalized non-local Lagrangian has already been given. It also remains to state is the covariant scalar d'Alembertian
Its inverse means the retarded Green's function [29] . This is in fact the standard way of proceeding and it is the one used for the MM model. Incidentally, both non-local terms R −2 R, or ( −1 R) 2 in the action will give the same equations of motion and this effectively translates in the freedom of integrating by parts −1 . Now some issues need be clarified so that we can perform the latter variation. As discussed in refs. [43, 44] 
The model is actually defined by its field equations, which are obtained by varying the gravity and matter actions with respect to the metric. This produces causal and conserved field equations.
Integrating by parts ∇ and −1 a few times we obtain the modified Einstein equations
where T µν is the total energy momentum tensor of matter and K µν comes from varying the non-local term in the above action. The important property of this manipulation is that it preserves transversality ∇ µ K µν = 0. This is the main advantage of starting with an action instead of modifying GR directly at the level of the equations of motion. As a consequence, the energy-momentum tensor is conserved and provide a sensible modification to classical GR.
Depending on the variational principle this additional prescription makes the relation between the final equations of motion and the action rather formal.
We consider the model defined by the action (2.1) in d = 3 spatial dimensions. To generalize the definitions and localization procedure in ref. [28] we introduce the following auxiliary scalar fields U 1 , · · · , U n such that we can rewrite the original GNLG model as a local form by a set of coupled differential equations
7)
8)
9)
. . .
whose initial conditions are all zero.
Actually, to perform the numerical integration of these equations, it can be more convenient to use a set of dimensionless variables V i = H 2 0 U i (i = 2, · · · , n) and h = H(t)/H 0 , where H(t) =ȧ/a and H 0 is the present value of the Hubble parameter. We use ln a as the time coordinate and a prime denotes ∂/∂ ln a. From eqs. (2.7)-(2.11) we get
12)
13)
14)
where ζ = h /h.
In this section we follow the procedure in ref. [45] . We will see that the non-local equations require the same initial data, subject to exactly the same constraints, as ones in GR. Below, we will proceed for concreteness in a particular synchronous gauge
This is the synchronous time coordinate, namely, the proper time of free-falling observers, which will become cosmic time when we go to consider cosmology. The basic analysis and conclusions should be adapted to any gauge, and here we will analyse the stability at linearized and kinematical level.
In synchronous gauge the covariant scalar d'Alembertian takes the form
Here h ij denotes the inverse of the spatial metric h ij , h stands for the determinant of h ij and an overdot represents differentiation with respect to time t. we obtain the various curvature tensors and scalar
3) 5) whereR ij means the intrinsic spatial curvature as usual
Furthermore, we rewrite the Ricci scalar as SODOT on h ij . Therefore, the kinetic terms only containing SODOT are either proportional to G µν or at least SODOT on −1 R. Obviously, the first three terms of non-local modified term K µν in eq. (2.6) are only concerned.
The SODOT of h ij in the Einstein tensor are
Note that only the first SODOT term is a kinetic term for the propagating modes because h is constrained by G 00 [45] . At the same time, the second and third terms in eq. (2.6) can be written as
so that it actually contains no SODOT. Therefore, the kinetic part of the non-local modified dynamical equation is
We find that if (1 − 2λm 2n−2 −n R) becomes negative, then the scalar fields become ghosts.
Certainly, we would like to discuss the cases of (1 − 2λm 2n−2 −n R) > 0. Here the mass term is chosen in the order of the Hubble scale today. Therefore we study the quantities of background evolution on the FRW cosmology with radiation and matter in d = 3. To this end, using the definitions of eqs. (2.11) we find that
where the dimensionless quantities 3γV n will be studied in next section. We want to see whether the curves can cross the threshold value of 1. In other words, if the sign of the coefficient in front of the kinetic term in eq. (3.9) changes in contrast to the one in GR, tensor modes exhibit an instability, and we regard the scalar fields as ghosts. As discussed in [26] , at the classical level a ghost will give rise to instability, while at the quantum level it corresponds to a particle with negative energy. Note that when taking n = 2 the above equations all can reduce to the ones in ref. [34] .
Cosmological evolution
In this section, we study the cosmological consequences of the model at the level of background evolution. We consider a flat FRW background in d = 3 with metric
From the (00) component of eq. (2.6), we get
where
Moreover,
In this form, one finds that there is an effective dark energy density ρ DE = ρ 0 γY where
and
Thus, we get
where Ω M , Ω R are the fractional energy densities of matter and radiation, respectively.
Also, with ζ and h 2 , eqs. (2.12)-(2.16) provide a closed set of second-order differential equations for V 1 , · · · , V n , whose numerical integration is straightforward. The results are illustrated in figure 1 . It is not difficult to see that these curves approach 1 asymptotically for even number n, which means that (1 − 3γV n ) > 0 at all times. This proves the stability from the sign of the kinetic term of the GNLG model. But for odd number n, the curves of term 3γV n are exponential growth with ln a, so the the coefficients in front of the kinetic term change sign during the cosmology evolution, hence the scalar fields become ghosts in the future.
If we regard the non-local modification of space geometry as a component of dark energy, from the conservation equationρ
we give the equation of state (EOS) for the dark energy the evolutions of 3γV n with ln a for odd number n. the evolutions of w DE with redshift z for even number n.
Concretely, we illustrate the evolutions of w DE for the even number n in figure 2. It is easy to see that the bigger n is, the more obvious the perturbation of w DE in the past is. The EOS w DE turn out to be on the phantom side, which is a general property of the non-local model, and w DE < −1 would generally imply a future singularity at a finite time [46] [47] [48] .
Furthermore, we can rewrite the Friedmann equations in the usual form
which capture any deviation from GR as an effective fluid source, thus we get Table 1 : The minimal value of w ef f and the corresponding redshift z min for the different even number n.
The evolutions of w ef f with ln a and the redshift z for even number n are illustrated in the bigger n is, the smaller the minimal value of w ef f is. Note that when taking n = 2 the above results all can reduce to the ones in ref. [28, 34] .
Spherically symmetric static solutions
We consider the effect of the source as a perturbation of Minkowski space g µν = η µν + δg µν , adapting the standard analysis performed in GR to recover the Newtonian limit [49] , namely, in the region r s r. The most general static spherically symmetric (SSS) metric is
We focus on the scalar perturbations, so the perturbed metric can be rewritten as the form of Newtonian gauge [50] 
We also expand the auxiliary fields as U i =Ū i + δU i (i = 1, · · · , n). Keeping in mind that Ψ, Φ and δU i are first-order quantities. If we consider a static source, partial derivatives on time vanish both for each background and the perturbation variable. Therefore linearizing the (00) and the (ij) components of the modified Einstein equation eq. (2.5), we obtain
3)
Linearizing the equations of auxiliary fields U 1 , · · · , U n we get
Furthermore taking the trace of (ij) components of the modified Einstein equations, we obtain
Note that the equations appeared in this section are only valid for the region r r s . For a function f satisfies ∇ 2 f = 0 at large r, one gets f (r) = c 0 +c 1 r s /r [50] . In our case, the functions Ψ, Φ and δU i vanish at infinity, so the constant term c 0 is neglectful. Then from eqs. (5.3) (5.5) (5.6) (5.7) we get
As discussed in ref. [49] , we can obtain the most general solution
where c Φ , c Ψ and β are arbitrary constants. For simplicity in the expression, taking A(r) = 1 + 2α(r) and B(r) = 1 + 2β, namely, A(r) = 1 + 2Ψ and B(r) = 1 − 2rΦ , we have 16) while δU 1 = − δ −1 R is given by
It follows that the exponent n should here be the even number n, because of the appearance of the exponent n/2, which is the same as the result given in section 4.
Conclusion
We have constructed a class of generalized non-local gravity model by adding a term m 2n−2 R −n R to the Einstein-Hilbert action. Concretely, we not only studied this generalized non-local Lagrangian by introducing auxiliary scalar fields, which evolve dynamically and do not correspond to extra degrees of freedom of the theory, but also analysed the classical stability of GNLG model. In figure 1 , we illustrated the coefficient in front of the kinetic term to see whether its sign change or not. The research results show that there is no ghost in the GNLG model with even number n, but for odd number n, the scalar fields become ghost-like in the future. In other words, the exponent n must be taken even number for a stable GNLG model. Moreover, we examined the cosmological evolutions of the GNLG model and described the evolutional behaviors of the dark energy in figure 2 . We find that the dark energy turns out to be phantomlike, and the bigger n is, the more obvious the perturbation of w DE in the past is. The results
show that the GNLG model spontaneously emerges three dominant phases of the evolution of the universe, namely, radiation dominant, matter dominant and dark energy dominant phase, respectively. Also, we find that the EOS w ef f of the effective fluid can cross the phantom divide −1, and the bigger n is, the earlier w ef f cross −1 in the past. Meanwhile, from figure 3 we know that there are the minimal values of w ef f in the four cases of n = 2, 4, 6 and 8, which are w ef f = −1.235, −1.826, −2.741 and −3.730, respectively. It shows that the bigger n is, the smaller the minimal value of w ef f is. Furthermore, we discussed the spherically symmetric static solution in Newtonian gauge, and clarified in another way that the exponent n should be even numbers. It is worth stressing that the results given by us can include ones in refs. [28, 34] as the special case of n = 2.
